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Abstract 

Using Hawking Taub-NUT metric g a on R 4 , where a is a positive 
real number and finding a 4-parameter family of Killing vector fields of 
(R 4 ,(? a ), we construct a 5-parameter family of Einstein Randers metrics 
with non-constant flag curvature. 

Keywords: Hawking Taub-NUT metric, Flag curvature, Randers Ein- 
stein metric. 



1 Introduction 

The Taub-Newman-Unti-Tamburino (Taub-NUT) metrics were found by Taub 
[9] and extended by Newman-Unti-Tamburino |7J. The Euclidean Taub-NUT 
metric has lately attracted much attention in physics. Hawking has suggested 
that the Euclidean Taub-NUT metric might give rise to the gravitational analog 
of the Yang-Mills instanton [6] . This metric is the space part of the line element 
of the celebrated Kaluza-Klein monopole of Gross and Perry and Sorkin. The 
Taub-NUT family of metrics is also involved in many other modern studies in 
physics like strings, membranes, etc. 

On the other hand, a rich and in some sense one of the best classes of Rieman- 
nian metrics is Einstein metrics, i.e, the solutions of the equation Ricij — Xgij — 
for some scalar A. Einstein manifolds are not only interesting in physics but are 
also related to many important topics of Riemannian geometry such as self-dual 
manifolds of dimension four. In dimension three, being Riemannian Einstein 
metric is equivalent to being of constant sectional curvature. S. S. Chern con- 
jectured that this equivalency is not true for Finslerian Einstein metrics. In pQ, 
D. Bao and C. Robles classified Einstein Randers metrics in every dimension and 
showed that in dimension three, any Einstein Randers metric is of constant flag 
curvature (a natural generalization of sectional curvature) and vice versa. But 
for general Finslerian Einstein metrics, Chern's conjecture remains unsolved. 

After classifying 3-dimcnsional Einstein metrics of Randers type, it is nat- 
ural to classify 4-dimensional Einstein Randers metrics. The reasonable step 
is constructing as many as possible concrete examples. In this paper, we con- 
struct a 5-parameter family of 4-dimensional Randers Einstein metrics with 
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non-constant flag curvature. This family contains the family of Randers Ein- 
stein metrics constructed in [5] as special case. 



2 Preliminaries 

Let Fbea Finslcr metric on an n-dimcnsional manifold M, and TMo be its slant 
tangent space. In a local coordinate (x l , y l ), the vector filed G — y l -^j — 2G l ^r 
is a global vector field on TMo, where G i = G l (x, y) are local functions on TMq 
satisfying G % (x,Xy) = X 2 G l (x,y), for all A > 0. The vector field G is called the 
associated spray to (M, F) . 

The Riemann tensor can be viewed as a family of endomorphisms on tangent 
spaces: Rj,(ii) := R\(x, y)u k -gfrU, where u = u l -^-;\ x S T X M. The coefficients 

R \ = Ri k( x > v) are g iven b y 

R i . = 2^- y< d2Gi + 2C 1 92Gi - — — . 
k dx k dx^dy k dyidy k dy? dy k 

For a tangent plane P = span(y,u) C T p M, the flag curvature of the flag P 
with the flag pole y is defined by 

K {P,y)- 9y(&y(u),u) 



9 v {y. y)9y(% u) - g y (u, y)g y {u, y) ' 

If F is Riemannian, i.e., g = g y is independent of y, then the flag curvature 
K (P, y) = K(P) is independent of y £ P and it is the sectional curvature of P. 
Thus the flag curvature is an analogue of the sectional curvature in Riemannian 
geometry. F is said to be of constant flag curvature A, if for any non-zero 
tangent vector y 6 T X M and any flag P containing y, K(P, y) = X is constant, 
or equivalently, 

K y = XF 2 (y){I - g y (y, .)y}, y€ T X M, x € M 

where I : T X M — > T X M denotes the identity map and g v (y, .) = \ [F 2 ] y idx l . 

The trace of R a is denoted by Ric(y) and called the Ricci curvature. Hence, 
Ric(x, y) = R\(x, y). A Finsler metric F is said to be an Einstein metric if there 
is a scalar function K = K(x) on M such that Ric = (n — l)KF 2 . 

In [10] . Wood constructs the following 4-dimensional Riemannian metric. 
Let (N ,h) be an oriented 3-dimensional Riemannian manifold with constant 
curvature. Let M 4 := R x N 3 and <fr : M 4 — > A^ 3 be the projection on the 
second factor. Suppose that u is a positive smooth function and A a 1-form on 
N 3 , then the tensor g on M 4 given by 

g := u<Jy* (h) + u- 1 (alt + A) 2 (1) 

is a Riemannian metric on M 4 . In [4], Gibbons and Hawking prove that (M 4 , g) 
is an Einstein manifold if and only if the monopole equation du = *dA holds 
and (iV 3 , h) is flat, in which case g is Ricci-flat. 



2 



Let us consider the following harmonic function on R 3 — {0} 

Ua{ - x) : " l(R + a )' 

where a is a non-negative real number. Then the above construction gives the 
Hawking Taub-NUT metric g a (a > 0) or the standard metric go (a = 0). A 
direct computation yields the following explicit formula for g a 

, , „ a(a|a;| 2 + 2) 

g a = (a\x\ 2 + l)g - LU _ . V , ( 2 ) 

where go is the standard metric and 

lu = —x 2 dx 1 + x 1 dx 2 — x 4 dx 3 + x 3 dx 4 (3) 

is a 1-form on R 4 (see [TU] for more details). Hence the metric g a extends to 
the whole R 4 . 



A Randers metric on a manifold M is a Finsler metric in the following form 

F = a + (3, (4) 



where a — v/ ' aij{x)y' l yi is a Riemannian metric and (3 = bi(x)y l a 1-form 
on M . A nice description of Randers metrics is given by Zermelo navigation 
representation. Given a Riemannian metric g = y gijy l y-' and a vector field 
V = V 1 -^, set Vi := gijV* and ||V|| fl := VW 1 - Then the pair (g,V) with 
||V|| ff < 1 is called the Zermelo navigation representation (or simply navigation 
representation) of the Randers metric |4]) if and only if the following relations 
hold 

" - "" Wj * = -:r-™- (5) 



y (l-ll^l 2 ) 2 ' 1-||^|| 2 

It is easy to see that, if (g, V) is the navigation representation of F = a + j3, 
then the following hold 

F(x,y)=g(x,y-F(x,y)V(x)). (6) 

Many curvature properties of Randers metrics can be expressed in a geometrical 
way via their navigation representations. D. Bao and C. Robles use this method 
and characterize Einstein Randers metrics as follows 0. 

Proposition 2.1 Suppose that a Randers metric F — a + (3 has the navigation 
representation (g, V) on a manifold M. Then F is an Einstein metric with 
Ric(x, y) = (n— l)K(x)F 2 (x, y) if and only if 

i) V is a homothetic vector field of g with Cy{g) = —^cg, where Ly denotes 

the Lie derivative along V. 

ii) g is Einstein metric with Ric = (n — l){K(x) + c 2 }g, where Ric is the Ricci 

curvature of g. In particular, K(x) = const if n > 3. 
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3 Construction of the Einstein Finsler Metrics 



Rewrite the Hawking Taub-NUT metric g a as 

9 a = gijdx l dx\ 

where 

( B - A{x 2 ) 2 Ax 1 x 2 -Ax 2 x 
Ax 1 x 2 B-Aix 1 ) 2 Ax 1 x i 
-Ax 2 x 4 Ax 1 x 4 B - A(x i 
\ Ax 2 x 3 -Ax 1 x 3 Ax 3 x i 



(9ij) = 



B - A(x 3 ) 2 J 



and B = B(x) = a\x\ 2 + 1, A = A(x) = a\l + ^ 

The key observation is this: Suppose that / : R 4 — > R 4 is an isometry of go, 
preserves the 1-form u) given by (J3J and /(0) = 0. Then, it is easy to see that / 
is also an isometry of g a . Now we classify those Killing vector fields of go which 
are also Killing vector fields with respect to g a and have the origin as a critical 
point. First, recall the following characterization theorem (3J. 

Proposition 3.1 Let X = X 1 -t~ be a vector field on R 4 . Then X is a Killing 
vector field of g if and only if X 1 — QjX-* + C l , where (Q*-) is an anti-symmetric 
matrix, (C l ) is a constant vector. 



Using Proposition 13.11 we find a 4-parameter family of Killing vector fields 
of g a , and consequently a 5-parameter family of Einstein Randers metric with 
non-constant flag curvature. More precisely, with the notation of Proposition 
3. 11 we have the following. 



Theorem 3.2 Let X = X l J~ be a Killing vector field on (R 4 , go)- Then X is 



a Killing vector field on (R 
is in the following form 



g a ) if and only if {C l ) = (0) and the matrix (Q* 



/ 





m 


s 


r\ 




—m 





—r 


s 




—s 


r 





n 


V 


—r 


— s 


— n 


o J 



where m, n, r and s are constant real numbers. 



Proof. Using the geometric meaning of Lie derivation of vector fields, the one 
parameter groups of the vector field X = X l -^~ on R 4 preserves the 1-form 
u> if and only if Cx(^) — 0. A direct computation implies that Cx (w) = is 
equivalent to the following system of PDEs 



By — a and — Q* for distinct i and j, we get the result. 



-X 2 - x 
-x 2dxl 

dx\ 

-x 2 9X 

dx 3 
JX dX 1 



ax 



2 dX 1 
dx 1 

X 1 



x 



T 13r 

x l9x 

dx' 2 

1 dX 2 _ ^4 



„1 dX 2 



X 



4dX 3 



4 ax 3 _ 


i_ ™3 ax* 

~9x r . 




dx\ 


=o, 


4 OX 3 _ 
dx 2 


i_ T 3 ax 1 


=0, 


4 ax 3 _ 


i_ ™3 ax 4 




dx 3 


=0, 


+ X 3 - 


i_ T 3 9X 4 


=0. 



(7) 



Q.E.D. 



4 



Using Proposition ^. 11 we complete the construction in three cases. 
3.1 r=0, s=0. 

If we put Q\ = —to and Q 3 = —n, where m and n are constant real numbers, 
then the vector field X reduces to W m , n which is introduced by E. Guo, X. 
Mo, and X. Zhang in 5]. Using navigation representation (j a , W m ,n), a 3- 
parameter family of Einstein Randers metric with non-constant flag curvature 
is constructed on the £1 = {x e R 4 | f(x) < 1}, where 

f(x) := \W m . n \ ga = —^—^(p + 2a\m-n\\x\ 2 + a 2 \m-n\\x\ 4 ). 
1 + a\x\ z 

For more details see [5]. 



3.2 m=0, n=0, s=0. 

In this case, the vector field X reduces to the vector field V r given by 

V r ■= r{x i d 1 - x 3 d 2 + x 2 d 3 - x 1 d 4 ), (8) 

where r is a constant real number. Here, we construct Einstein Randers metric 
with non-constant flag curvature by using navigation representation (g a ,V r ). 
First, we find the sufficient condition producing Einstein-Finsler metrics, i.e., 

l|Vr|L<l. 

We have V 1 = rx 4 , V 2 = —rx 3 , V 3 — rx 2 , and V 4 = —rx 1 . A direct 
computation yields 

Vi:= 9ij V' =fMV l , 
where \i — a | g .p +1 ■ Therefore, we get 

Wr \\* a=ViV i = iir i\ A \ (9 ) 

If r 2 > a, then define Q a r = {x € R 4 | \x\ < ^t r l_ a }- Otherwise, define 
O a r It . 

Theorem 3.3 Let F = a + (3 be a Randers metric be given by the navigation 
representation (g a ,V r ). Then F is an Einstein metric with non- constant flag 
curvature on fl ajr . 

Proof. From ©, we get ||V^.|| 9o < 1 on O ajT .. Hence F is actually a Randers 
metric on f2 ajr . 

In [2], D. Bao and C. Robles prove that a Randers metric with navigation 
representation (g, V) is of constant flag curvature if and only if g is of constant 
sectional curvature and V is a homothetic vector field with respect to g. The 
Taub-NUT metric is a Ricci flat metric on R 4 which is not flat [B]. Hence 
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g a is not of constant sectional curvature. Therefore F is not of constant flag 
curvature. 

It is sufficient to prove that F is Einstein metric. Note that the Hawking 
Taub-NUT metric g a for all a > is an Einstein metric [TO]. From Theorem 
13.21 we see that V r is a Killing vector field with respect to g a . As an immediate 
consequence of Proposition ^. f 1 we conclude that F is an Einstein metric. This 
completes the proof. Q.E.D. 

3.3 m=0, n=0, r=0. 

In this case, the vector field X reduces to the vector field U s given by 

U s := s(x 3 d 1 + x i d 2 - x 1 d 3 - x 2 d 4 ), (10) 
where s is a constant real number. We have 

U 1 = sx 3 , U 2 = sx 4 , U 3 = -sx 1 , U 4 = -sx 2 . 
Using a Maple program, we get 

4 4 

\\U s \\ 2 ga = fis 2 {(l + 8a a IJa:*)|as| 2 + 2a\x\ 4 + a 2 \x\l + 16a + f(x)}, (11) 

i=l i=l 

where | . | & denotes the fc-norm on R 4 and the scalar function / is given by 

_/"(x) = d (x-^X 4 ~\~ ^2^3 ~t~ •^2^3 ^1*^4) 

1 q2/24| 24, 24, 24, 42, 42, 24, 2 4\ 
"i OO yX^X^ ~~T~ X^X>2 ~~T~ *^]_*^3 ~~ r~ X^X^ I X^X^ ~ p X-^Xq ~~t~ X^X^ I X^X-^J 

_i_ ,4/22 22,22,22 2 2 , 2J\ 
i QdyX-^X^ X^X^ ~r X^X^ ~r ^4^3 X^X-^ ~r X^X^j 

, 9 2/ 2 2 2 , 222, 222, 2 2 2\ 
~\~~ ACL yX-^X^X^ ~ r *^2*^'3*^'4 ' ^'1^2*^'3 ' *^1^2^4/> 

in which x\ means (x l ) k . 
Set 

n a , s :={xeR 4 \ \\U s \\ ga < 1}. 
Then we have the following theorem. 

Theorem 3.4 Let F = a + j3 be a Randers metric given by the navigation 
representation (g a ,U s ). Then F is an Einstein metric with non- constant flag 
curvature on fl a , s - 

These concrete examples of four dimensional Randers Einstein metrics show 
that this class of Randers metrics is large and of course far from being completely 
classified. 
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